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We study the critical properties of the QED3–Gross-Neveu model with 2N flavors of two-
component Dirac fermions coupled to a massless scalar field and a U(1) gauge field. For N = 1, this
theory has recently been suggested to be dual to the SU(2) noncompact CP1 model that describes
the deconfined phase transition between the Ne´el antiferromagnet and the valence bond solid on the
square lattice. For N = 2, the theory has been proposed as an effective description of a deconfined
critical point between chiral and Dirac spin liquid phases, and may potentially be realizable in spin-
1/2 systems on the kagome lattice. We demonstrate the existence of a stable quantum critical point
in the QED3–Gross-Neveu model for all values of N . This quantum critical point is shown to escape
the notorious fixed-point annihilation mechanism that renders plain QED3 (without scalar-field cou-
pling) unstable at low values of N . The theory exhibits an upper critical space-time dimension of
four, enabling us to access the critical behavior in a controlled expansion in the small parameter
 = 4−D. We compute the scalar-field anomalous dimension ηφ, the correlation-length exponent ν,
as well as the scaling dimension of the flavor-symmetry-breaking bilinear ψ¯σzψ at the critical point,
and compare our leading-order estimates with predictions of the conjectured duality.
I. INTRODUCTION
At zero temperature, strongly-correlated systems ex-
hibit transitions between different phases of matter upon
tuning non-temperature parameters, such as external
pressure or chemical doping. Just as their classical coun-
terparts, these quantum phase transitions are character-
ized by only a few universal properties that are governed
by an associated continuum quantum field theory [1].
Most quantum phase transitions have a classical analog
and can be characterized in terms of a local order pa-
rameter that allows to classify and distinguish different
phases of matter—a property that is commonly referred
to as Landau’s symmetry breaking paradigm.
There exist, however, exotic phase transitions which
are inherently quantum mechanical and for which the
Landau theory is inapplicable. The most familiar ex-
ample is the putative deconfined quantum critical point
between two different symmetry-breaking phases of a
spin-1/2 system on the square lattice—the Ne´el and va-
lence bond solid (VBS) states [2, 3]. The deconfined
critical point is characterized by fractionalized bosonic
spinons on the complex projective space CP1 coupled
to an emergent noncompact U(1) gauge field. These
degrees of freedom emerge only directly at the critical
point, but are “confined” in either phase. The appropri-
ate theoretical description of the criticality is given by
a strongly interacting gauge field theory—the noncom-
pact CP1 (NCCP1) model. More recently, new types of
such non-Landau transitions have been suggested, which
are similarly governed by strongly interacting gauge the-
ories [4–6]. This includes transitions between different
long-range entangled phases, such as the Dirac and chiral
spin liquid phases [7–9], between short-range entangled
phases, e.g., symmetry-protected topological phases [10],
and between phases with anticommuting fermion mass
terms [11].
The strongly interacting gauge theories that describe
the above deconfined critical points are also of wide fun-
damental interest with respect to various duality webs
that were proposed recently. Via these dualities, sev-
eral seemingly different theories can be mapped onto
each other and themselves. The easy-plane version of
the NCCP1 model, for instance, has been argued to
be self-dual [3, 12], which can be understood as a con-
sequence of the well-known bosonic particle-vortex du-
ality [13–15]. Specifically, the spinon field content of
the NCCP1 model can be viewed as either two flavors
of bosonic spinons or two flavors of bosonic vortices.
Building on the Dirac theory of the half-filled Landau
level [16], several works suggest a fermionic counterpart
of the particle-vortex duality [17–19]. This has lead to a
number of fascinating novel duality conjectures, includ-
ing ones that relate purely bosonic systems to fermionic
theories [20–26]. Early proposals of a duality between
the easy-plane NCCP1 model and quantum electrody-
namics in 2+1 dimensions (QED3) [27, 28] have recently
undergone various consistency checks, corroborating the
intimate relationship between these seemingly different
theories [22, 29, 30]. In a similar way, the SU(2) invari-
ant NCCP1 model has been argued to be self-dual as well
as to be dual to QED3 coupled to a critical real scalar
field—a theory that was coined “QED3–Gross-Neveu”
(QED3-GN) model [29]. An immediate consequence of
this conjectured duality is the emergence of an enlarged
SO(5) symmetry, which was numerically observed ear-
lier [31, 32].
While the infrared fate of QED3 has extensively been
discussed in the last three decades [33–45], the infrared
structure of the QED3-GN model has, to the best of our
knowledge, not been studied before. In this work, we
demonstrate that the QED3-GN model exhibits a sta-
ble fixed point of the renormalization group (RG) for all
fermion flavor numbers N . In particular, we demonstrate
that the coupling to the critical scalar field prevents the
mechanism of fixed-point annihilation that is responsible
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2for the instability of plain QED3 at low values of N [34–
37]. The stable fixed point can be approached by tuning
a single parameter, such as the scalar-field mass, and
thus can be associated with a continuous quantum phase
transition. The existence of this quantum critical point
for two flavors of two-component fermions is a neces-
sary condition for the NCCP1–QED3-GN duality to hold.
We compute the critical exponents ηφ (order-parameter
anomalous dimension) and ν (correlation-length expo-
nent) as well as the scaling dimension of the flavor-
symmetry-breaking bilinear ψ¯σzψ, within an  expan-
sion around the upper critical space-time dimension of
four. If the duality holds, the universal exponents at this
quantum critical point in the physical space-time dimen-
sion of D = 2 + 1 can be uniquely mapped onto those
of the SU(2) invariant NCCP1 model, and we compare
our leading-order estimates with numerical results for the
bosonic systems [31, 46, 47]. Our work represents the
first step towards a proper quantification of the critical
behavior of the QED3-GN model. In the plain Gross-
Neveu system (without the coupling to the gauge field),
significant progress was made previously by employing
high-order  expansion [48, 49], the functional renormal-
ization group [50–52], the conformal bootstrap approach
[53, 54], and sign-free quantum Monte Carlo simulations
[55–59]. Extending these advances to the QED3-GN case,
and comparing with results for the NCCP1 model, should
allow to prove or disprove the duality conjecture in future
studies.
The critical behavior of the QED3-GN model is of in-
terest for yet another reason: This model for the case
with four two-component fermion flavors has recently
been suggested to describe the deconfined critical point
between the chiral spin liquid and the U(1) Dirac spin
liquid phases [6]. Both phases, and their transition, are
potentially realizable in spin-1/2 systems on the kagome
lattice [60–63]. Our finding of a stable fixed point corrob-
orates this proposal, and the predictions for the critical
behavior may facilitate a numerical test of it in the fu-
ture.
The paper is organized as follows: In the following
section, we define the QED3-GN theory and review the
proposed dualities and the potential applicability to de-
confined criticality. In Sec. III, we compute the RG flow
in a fermionic language that allows to make contact with
previous works on the plain QED3 theory. The 4−  ex-
pansion of the QED3-GN theory is performed in Sec. IV.
In Sec. V, we summarize our results and attempt some
conclusions in light of the conjectured NCCP1–QED3-
GN duality.
II. MODEL
We are interested in the QED3-GN theory, defined by
the Lagrangian
Lψφ = ψ¯i [γµ(∂µ − iaµ)]ψi + 1
2e2
(µνρ∂νaρ)
2
+ gφψ¯iψi +
1
2
φ(r − ∂µ∂µ)φ+ λφ4, (1)
in D = 2 + 1 Euclidean space-time dimensions. The
summation convention over repeated indices is assumed.
We consider an even number 2N of two-component Dirac
fermion flavors ψi and ψ¯i, i = 1, . . . , 2N . The parity sym-
metry is therefore explicitly preserved for any integer N
and the flavor symmetry is U(2N). The 2× 2 Dirac ma-
trices γµ fulfill the Clifford algebra {γµ, γν} = 2δµν12,
with µ, ν = 0, 1, 2. The fermions couple to the U(1)
gauge field aµ with charge e
2. The explicit calculations
presented below are performed in a general Rξ gauge
with undetermined gauge-fixing parameter ξ, by adding
Lgf = − 12ξ (∂µaµ)2 to the Lagrangian. This enables us to
verify the gauge independence of our results. φ is a real
scalar field that is odd under the time-reversal symmetry
(TRS). It interacts with the fermions through the Yukawa
coupling g, and with itself through the φ4 coupling λ. r
is a tuning parameter for the TRS breaking transition,
indicated by the formation of a finite scalar-field expec-
tation value, 〈φ〉 6= 0. As mentioned in the introduction,
this QED3-GN theory has interesting applications:
(1) By applying the boson-fermion duality [21, 22, 64],
and building on earlier observations [28], the case N = 1
has recently been conjectured to be dual to the bosonic
NCCP1 theory [29],
Lz =
∑
α=1,2
|(∂µ − ibµ)zα|2 + κ(µνρ∂νbρ)2
+ λ0
(|z1|2 + |z2|2)2 + λ1|z1|2|z2|2. (2)
Here, z = (z1, z2) are complex bosonic fields and bµ is
a U(1) gauge field. When λ1 = 0, the theory has an
explicit SU(2) symmetry. We will refer to this case as
SU(2) NCCP1 model. This theory is believed to describe
the deconfined critical point between the Ne´el and VBS
phases on the square lattice [2, 3]. For λ1 6= 0, the the-
ory has an easy-plane anisotropy with a residual O(2)
symmetry and is relevant for spin models with an XY
symmetry.
The postulated dualities between Eq. (1) and Eq. (2)
are as follows: (i) The plain QED3 theory with the scalar
field φ decoupled (formally corresponding to the limit
of large tuning parameter r) is dual to the easy-plane
NCCP1 model with λ1 6= 0. (ii) The critical QED3-GN
theory with r tuned such that φ becomes gapless is dual
to the SU(2) NCCP1 model with λ1 = 0. While these
proposed dualities have passed a number of consistency
checks [29], we should emphasize that, at present, they
lack any formal or numerical proof and should be consid-
ered as conjectural. The conjectures, however, do predict
3a number of nontrivial relations between the universal ex-
ponents that describe the critical behaviors of these the-
ories, allowing in principle to verify or falsify the conjec-
tures on a quantitative level. For the case (ii), the scalar
field φ is identified with z†σzz, which is an element of the
Ne´el-VBS SO(5) order parameter. The scalar anomalous
dimension ηφ in the QED3-GN theory should therefore
coincide with the anomalous dimensions ηNe´el and ηVBS
in the spin systems. Furthermore, the dual to the φ2
operator corresponds to a rank-2 tensor representation
of the SO(5) critical theory. The latter contains the op-
erator z†z that tunes through the Ne´el-VBS transition,
and therefore the correlation-length exponents νQED3-GN
and νNe´el-VBS in the two systems should also coincide.
Another consequence of the proposed duality is that z†z
can also be identified with the flavor-symmetry breaking
fermion bilinear ψ¯σzψ. Therefore, the scaling dimension
of ψ¯σzψ should also coincide with the scaling dimension
of φ2. This statement is particularly interesting, because
it allows a nontrivial test of the duality conjecture fully
within the QED3-GN theory—without the need to com-
pare with a different system. A similar relation between
ηφ and the scaling dimensions of certain monopole oper-
ators also follows [29].
Obviously, a necessary condition for such a duality to
hold is the existence of a stable interacting RG fixed
point. In fact, for the case of plain QED3, the emer-
gence of conformal invariance at low energy, and there-
with the existence of a conformal fixed point, can be es-
tablished when the number of fermions N is large [33, 65].
At low values of N , however, a generic mechanism that
may destabilize the conformal fixed point is the collision
and subsequent annihilation with another, quantum crit-
ical, fixed point [34–37], very much like in the case of
the Abelian Higgs model [32, 66] as well as a number
of further examples [67–70]. Such instability is driven
by strong gauge fluctuations and is therefore ubiquitous
in asymptotically safe gauge theories [68]. It leads to
an essential singularity of physical observables at a crit-
ical flavor number Nc, below which the conformal state
becomes unstable. The actual value of Nc in QED3, how-
ever, and with it the important question whether Nc is
above [33–35, 37, 38, 40–43] or below [39, 44, 45] the
physically relevant values, as well as the nature of the
low-N phase [36], has been a matter of intense debate
within the last three decades. Similarly, on the bosonic
side of the duality, the question whether the transition in
the easy-plane NCCP1 model is intrinsically first order,
or if a lattice model that hosts a continuous transition
between the XY antiferromagnetic and VBS states can
be constructed, has been controversially discussed in the
past [71–73]. Some very recent numerical studies sug-
gest a continuous transition [30, 74], with exponents that
are potentially in agreement with the conformal phase of
plain QED3 [45].
By contrast, the infrared behavior of the QED3-GN
model has, to the best of our knowledge, not been in-
vestigated before [75]. In the next section, we demon-
strate that the coupling to the critical scalar field φ in
fact stabilizes the theory, despite the presence of strong
gauge fluctuations, and it leads to a stable fixed point
that governs a continuous transition into a state with
spontaneously broken TRS.
(2) The case N = 2 is relevant for the physics of spin
liquid states on the kagome lattice. Despite tremendous
efforts, the actual nature of the quantum ground state of
the Heisenberg antiferromagnet on the kagome lattice to
date has not been established beyond doubt. The most
promising candidates are either a gapped Z2 spin liq-
uid [76–78] or a gapless U(1) Dirac spin liquid [63, 79, 80].
Longer-range spin interactions appear to stabilize yet an-
other spin liquid phase, which is characterized by spon-
taneous breaking of time reversal symmetry—a chiral
spin liquid with anyonic spinon statistics [60, 61]. The
transition into this state appears to be continuous [62],
and if the ground state in the nearest-neighbor model is
a Dirac spin liquid, the effective field theory that de-
scribes this transition would be the QED3-GN model
with 2N = 4 flavors of two-component fermion flavors [6].
Determining the critical behavior of the QED3-GN model
may therefore allow to prove or disprove this scenario if
the critical behavior of the spin-liquid transition on the
kagome lattice becomes possible to be quantified numer-
ically.
III. QED3-GN QUANTUM CRITICAL POINT IN
FERMIONIC RG
The presumed quantum critical point in the theory
defined by Eq. (1) with r tuned to criticality demarcates
the ordered phase in which the TRS is spontaneously
broken, 〈φ〉 6= 0, from the time-reversal-symmetric phase,
〈φ〉 = 0. The infrared behavior of the latter phase is
governed by the conformal fixed point of plain QED3,
which albeit in turn may be destabilized for low values
of N by a collision with another fixed point [34–37]. In
this section, we demonstrate that a critical point that
can be identified with the TRS-breaking transition exists
for all N . In particular, it survives when the conformal
fixed point of plain QED3 collides and annihilates with
another fixed point when lowering N .
In order to make contact with the conformal phase
of QED3, we approach the TRS-breaking transition from
the symmetric side, 〈φ〉 = 0. On this side, we may neglect
the quartic coupling λφ4 for simplicity and integrate out
φ. This way, we obtain a Gross-Neveu-type four-fermion
interaction
u
(
ψ¯iψi
)2
, i = 1, . . . , 2N, (3)
with negative four-fermion coupling u < 0. In a RG
picture, the transition towards the TRS-breaking state
would in this formulation be indicated by an instability of
the flow towards divergent u→ −∞ at a finite RG scale.
Once radiative corrections are taken into account, fur-
ther terms that are not present in the initial action may
4FIG. 1. One-loop diagrams determining the flows of the four-fermion couplings u and v. Solid (wiggly) lines correspond to
fermion (gauge) fields.
be generated by the RG. However, symmetry strongly
restricts the number of possible terms. On the level of
four-fermion interactions, the only term that is compat-
ible with the U(2N) flavor symmetry is the Thirring in-
teraction [81],
v
(
ψ¯iγµψi
)2
. (4)
A minimal low-energy effective theory is therefore given
by a U(1) gauge theory with 2N flavors of two-
component Dirac fermions, augmented with Gross-Neveu
and Thirring four-fermion interactions:
Lψ = ψ¯iγµ(∂µ − iaµ)ψi + u
(
ψ¯iψi
)2
+ v
(
ψ¯iγµψi
)2
. (5)
Integrating over the momentum shell from Λ to Λ/b with
b > 1, the RG flow of this theory reads, to the one-loop
order
de2
d ln b
= (1− ηa)e2, (6)
du
d ln b
= −u+ 16
3
e2u+ 8e2v + 2e4 − 4(2N − 1)u2
+ 8v2 + 12uv, (7)
dv
d ln b
= −v + 8
3
e2u+
4
3
(2N + 1)v2 + 4uv, (8)
with the gauge-field anomalous dimension ηa =
4
3Ne
2.
In order to arrive at the above beta functions, we have
rescaled the couplings as e2/(2pi2Λ) 7→ e2, Λu/(2pi2) 7→
u, and Λv/(2pi2) 7→ v. The corresponding diagrams are
depicted in Figs. 1 and 2. The above equations are con-
sistent with previously published ones in the respective
limit [36].
At large N , the fixed-point structure can be elucidated
analytically. At zero charge e2 = 0, there are two critical
FIG. 2. Diagrams that determine the gauge-field anomalous
dimension ηa (left) and the fermion selfenergy (middle). In
the flow equation for e2, the contributions from the fermion
selfenergy and explicit vertex correction (right) cancel due to
the Ward identity associated with the U(1) gauge symmetry.
fixed points: the Gross-Neveu fixed point (GN), located
at
GN : (e2∗, u∗, v∗) =
(
0,− 1
8N
, 0
)
+O(1/N2), (9)
and the Thrirring fixed point (T) at
T : (e2∗, u∗, v∗) =
(
0, 0,
3
8N
)
+O(1/N2). (10)
They are believed to be of relevance in the context of
interacting fermions on the honeycomb lattice [50, 55,
82, 83], and have been extensively studied in the past [48,
49, 81, 84–88]. The charge e2, however, is RG relevant
towards the infrared and flows to a finite fixed-point value
e2∗ =
3
4N + O(1/N2). In this “charged” plane, there are
two quantum critical points when N is large. We find
QED3-GN : (e
2
∗, u∗, v∗) =
(
3
4N
,− 1
8N
, 0
)
+O(1/N2),
(11)
and
g-T : (e2∗, u∗, v∗) =
(
3
4N
, 0,
3
8N
)
+O(1/N2), (12)
and both have precisely one RG relevant direction in the
(e2, u, v) space of couplings. The relevant direction of the
former fixed point (“QED3-GN”) is aligned along
(e2, u, v) = (0,−1, 0) +O(1/N), (13)
and therefore describes a transition into a state with
u→ −∞. This corresponds to the spontaneous breaking
of TRS, and the fixed point should therefore be under-
stood as the projection of the critical point in the full
QED3-GN theory onto the four-fermion coupling space.
The fixed point in Eq. (12) (“g-T”) represents a gauged
version of the Thirring fixed point. Moreover, we also re-
discover [34–38] the fully infrared attractive fixed point
that describes the conformal phase of QED3, which in
the limit of large N is located at
c-QED3 : (e
2
∗, u∗, v∗) =
(
3
4N
, 0, 0
)
+O(1/N2). (14)
By evaluating the fixed-point equations at finite N nu-
merically, we find that it is the g-T fixed point (and not
5T
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FIG. 3. RG flow for N = 1. The panels in (b)–(d) display the RG flow within different subspaces of the full theory space
spanned by u, v, and e2, as schematically depicted in (a). (b) u-v plane for e2 = 0. (c) u-v plane for e2 = e2∗ = 3/4. (d) u-e
2
plane for v = 0. Besides the Gaussian fixed point (G), the only quantum critical point with just one relevant direction is the
QED3-GN fixed point. It describes the TRS-breaking transition. There are furthermore two critical points in the uncharged
sector e2 = 0, which, however, receive a second relevant direction along the e2 axis: the Gross-Neveu fixed point (GN) and the
Thirring fixed point (T).
the QED3-GN fixed point) that approaches c-QED3 and
eventually collides and annihilates with the latter at a
critical flavor number Nc. This is in agreement with the
previous RG studies [34–37]. In our simple approxima-
tion, this fixed-point annihilation happens at Nc ≈ 6, a
number which should be expected to receive corrections
when going beyond the present one-loop order. In any
case, the point we would like to emphasize here is that
the QED3-GN fixed point, in contrast to the c-QED3
and g-T fixed points, survives across the transition at
Nc and continuous to exist for all values of N . For the
case of N = 1, relevant to the duality conjecture, the
RG flow in the coupling space spanned by e2, u, and v is
illustrated in Fig. 3, showing the fixed points GN and T
in the uncharged sector e2 = 0 and the quantum critical
QED3-GN fixed point in the RG attractive plane e
2 = e2∗.
From the flow of the relevant direction [Eq. (13)], we
obtain the correlation-length exponent at the QED3-GN
fixed point as
1/ν = 1 +O(1/N). (15)
In the above equation, we have displayed only the
leading-order value within the 1/N expansion, for which
our one-loop flow equations are sufficient [89]. The com-
putation of the 1/N correction requires the knowledge
of the two-loop flow. This is left for future work. The
scaling dimension of the TRS-breaking fermion bilinear
ψ¯ψ can be determined by computing the flow of a small
symmetry-breaking perturbation of the form ∆ψ¯ψ. At
the one-loop order [36],
d∆
d ln b
=
(
1− 2(4N − 1)u+ 6v + 8
3
e2
)
∆ +O(∆2).
(16)
Therewith, we find
[ψ¯ψ]QED3-GN = 3− [∆] = 1 +O(1/N) (17)
at the QED3-GN fixed point, corresponding to an anoma-
lous dimension
ηφ = 1 +O(1/N) (18)
of the TRS order parameter 〈φ〉 ∝ 〈ψ¯ψ〉. Note that the
scaling dimensions at the other critical fixed points, such
as g-T and T, would be [ψ¯ψ]g-T = [ψ¯ψ]T = 2 +O(1/N),
and thus these fixed points are, pictorially speaking,
“less unstable” towards the TRS-breaking perturbation.
6FIG. 4. One-loop diagrams determining the flows of the Yukawa coupling g2 and the φ4 coupling λ, as well as the scalar-field
anomalous dimension ηφ. Dashed lines correspond to the scalar field.
Along the same line, we can obtain the scaling dimen-
sion of the flavor-symmetry breaking bilinear ψ¯σzψ ≡
ψ¯i(σ
z ⊗ 1N )ijψj . At the QED3-GN fixed point, it be-
comes
[ψ¯σzψ]QED3-GN = 2 +O(1/N). (19)
This corroborates our conclusion that the fixed point
in Eq. (11) should be associated with the spontaneous
breaking of TRS, and therewith represents the four-
fermion version of the critical point in the original QED3-
GN theory, Eq. (1). At the c-QED3 fixed point, we find
at large N
[ψ¯ψ]c-QED3 = 2 +O(1/N) = [ψ¯σzψ]c-QED3 , (20)
consistent with known results [39]. We remark that
the O(1/N) corrections for the two operators are differ-
ent [90].
IV. QED3-GN QUANTUM CRITICAL POINT IN
4−  EXPANSION
The above one-loop calculation in the four-fermion the-
ory space spanned by u and v allows us to obtain a qual-
itative picture of the structure of the RG flow, and to
make contact with the situation in plain QED3, when
the order-parameter field φ is decoupled. However, in
the physically interesting low-N limit, the fixed points
are located at strong coupling in 2 + 1 dimensions, and
the approximation ceases to be under perturbative con-
trol. One may therefore wonder whether it is possible to
establish the existence and investigate the nature of the
QED3-GN fixed point within a complementary approach.
This is the subject of the present section. To this end,
we turn back to our initial formulation of the theory in
terms of Lψφ, Eq. (1). The Lagrangian can be general-
ized to arbitrary space-time dimension 2 < D < 4 by
trading the 2N flavors of two-component spinors for N
flavors of four-component spinors, and employing a 4× 4
representation of the Dirac matrices. There are different
possibilities on how to dimensionally continue the Dirac
structure to noninteger D [38]. Here, we use the com-
mon prescription that fixes the form of the TRS-breaking
fermion bilinear ψ¯ψ in all 2 < D < 4, as commonly done
in the plain Gross-Neveu-Yukawa models [49, 83, 91, 92].
In general D, the couplings have engineering dimensions
[e2] = 4−D, [g] = 4−D
2
, [λ] = 4−D. (21)
Hence, all three couplings simultaneously become
marginal when D ↗ 4. This observation suggests that
the QED3-GN fixed point may be accessible perturba-
tively within an  expansion near four space-time dimen-
sions.
In this limit, we find the flow equations for the cou-
plings e2, g, and λ to the one-loop order as
de2
d ln b
= (− ηa)e2, (22)
dg2
d ln b
= (− ηφ)g2 + 6e2g2 − 3g4, (23)
dλ
d ln b
= (− 2ηφ)λ− 36λ2 +Ng4, (24)
with the anomalous dimensions
ηa =
4
3
Ne2, ηφ = 2Ng
2, (25)
where N is the number of four-component fermions and
 = 4 − D. Here, we have tuned the system to crit-
icality with r ≡ 0, and have rescaled e2/(8pi2) 7→ e2,
g2/(8pi2) 7→ g2, and λ/(8pi2) 7→ λ. The correspond-
ing diagrams are shown in Figs. 2, 4, and 5. Note that
any dependence on the gauge-fixing parameter ξ in the
beta functions has canceled out, as it should be. For
e2 = 0, the flow equations for g2 and λ coincide with
those for the ungauged Gross-Neveu-Yukawa model [50].
For g2 = λ = 0, on the other hand, the flow equation for
the charge agrees with the one for QED4− [38].
In the full theory space spanned by e2, g, and λ, the
above equations exhibit a unique infrared-stable fixed
point at
QED3-GN : (e
2
∗, g
2
∗, λ∗) =
(
3
4N ,
2N+9
2N(2N+3) ,
−2N2−15N+f(N)
72N(2N+3)
)
+O(2),
FIG. 5. Diagrams that cancel in the flow equation for the
charge e2 due to the Ward identity. In the flow equation for
the Yukawa coupling g2, the contribution from the fermion
selfenergy (right) cancels with the gauge-dependent part of
the vertex correction (first diagram in Fig. 4).
70.0-0.1-0.2-0.3 0.1 0.2 0.3
λ/
0.0
0.5
1.0
1.5
g
2
/

e2 = 3/4
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FIG. 6. RG flow for N = 1 in (λ, g2) plane to leading order in
 = 4 −D. For visualization purposes, here we have put the
charge to its infrared fixed-point value e2 = e2∗ = 3/4, and we
tune the system to criticality with r ≡ 0. The infrared stable
fixed point at g2∗ > 0 and λ∗ > 0 is the QED3-GN quantum
critical point and governs the transition into the TRS-broken
state with 〈φ〉 6= 0. G and WF at g = 0 describe the Gaussian
and Wilson-Fisher fixed points.
where f(N) ≡ √4N4 + 204N3 + 1521N2 + 2916N . The
fixed-point structure in the plane spanned by λ and g2
is illustrated for N = 1 in Fig. 6. For visualization pur-
poses, there we have set the charge e2 to its infrared
fixed-point value e2∗. The QED3-GN fixed point gov-
erns the continuous transition into the TRS-broken state
with 〈φ〉 6= 0, and should be understood as the Hubbard-
Stratonovich-transformed version of the QED3-GN fixed
point we have found in the fermionic language, Eq. (11).
This is in full analogy to the equivalence of the critical
points in the Gross-Neveu and Gross-Neveu-Yukawa the-
ories [93].
In D = 2 + 1 dimensions, the QED3-GN fixed point
is characterized by Lorentz invariance and U(2N) fla-
vor symmetry. In order to be relevant for real mate-
rials, these symmetries must be emergent in the low-
energy limit. Flavor-symmetry-breaking perturbations
have previously been shown to be indeed RG irrelevant,
at least near the ungauged version of the fixed point
(GN) [94]. Here, we demonstrate that the Lorentz sym-
metry also emerges in the critical region. As long as the
spatial spherical symmetry remains intact, the only po-
tentially relevant symmetry-breaking perturbations are
terms quadratic in the fields. Adding these perturbations
is equivalent to allowing different fermion and boson ve-
locities, vF and vB. Thus, we replace the kinetic terms
in Eq. (1) by
γµDµ 7→ γ0D0 + vF~γ · ~D, ∂µ∂µ 7→ ∂20 + v2B~∇2, (26)
where (Dµ) ≡ (D0, ~D) ≡ (∂µ − iaµ), µ = 0, . . . , D − 1,
is the gauge-covariant derivative. vF and vB are mea-
sured in units of the speed of light c ≡ 1. Lorentz invari-
ance is emergent when both flow to unity in the infrared,
vF,B → 1. The Lorentz-invariant subspace itself is invari-
ant under the RG for symmetry reason. Allowing small
symmetry-breaking perturbations out of this subspace as
vF = 1 + δvF and vB = 1 + δvB with δvF,B  1, we find
the flow equations
dδvF
d ln b
= −8e
2 + g2
3
δvF +
g2
3
δvB, (27)
dδvB
d ln b
= 2Ng2δvF − 2Ng2δvB. (28)
The corresponding stability matrix
∂(dδvF,B/d ln b)
∂δvF,B
has the
eigenvalues
θ± = −α±
√
α2 − β2, (29)
with α ≡ (N + 16 )g2 + 43e2 > 0 and β2 ≡ 163 Ne2g2 >
0. Consequently, we have Re θ± < 0 everywhere and
δvF and δvB are always irrelevant perturbations. The
Lorentz symmetry is therefore emergent at low energy.
This result is analogous to previous findings in related
models with different order-parameter fields [95].
At the stable QED3-GN fixed point, the anomalous
dimensions read, to the leading order in  = 4−D,
ηa = , (30)
ηφ =
2N + 9
2N + 3
+O(2). (31)
We mention in passing that Eq. (30) is expected to not
receive higher-order corrections due to the Ward iden-
tity associated with the U(1) gauge symmetry [36, 96].
The correlation-length exponent is related to the scaling
dimension of φ2 via 1/ν = D − [φ2]. We obtain
ν =
1
2
+
10N2 + 39N + f(N)
24N(2N + 3)
+O(2). (32)
From the viewpoint of the duality conjecture, it is in-
teresting to also compute the scaling dimension of the
flavor-symmetry breaking bilinear ψ¯σzψ at the QED3-
GN fixed point. To the leading order, we find
[ψ¯σzψ] = 3− 2N + 6
2N + 3
+O(2). (33)
Now, if we simply extrapolated Eqs. (30)–(33) towards
large values of , the leading-order corrections become
sizable, e.g., ηφ ' 2.2, ν ' 0.5+0.98, and [ψ¯σzψ] ' 3−
1.6 for N = 1. This obviously compromises the validity
of the plain extrapolation. The qualitative behavior of
the exponents at large  can, however, be inferred from
the behavior near the lower critical space-time dimension
of two. From a calculation analogous to that leading to
Eqs. (15)–(18), we find, to the lowest order,
1/ν = (D − 2) +O(1/N, (D − 2)2) , (34)
ηφ = 2− (D − 2) +O
(
1/N, (D − 2)2) , (35)
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FIG. 7. Critical exponents ηφ (a) and 1/ν (b), and scaling dimension [ψ¯σ
zψ] (c) as function of space-time dimension D in the
critical QED3-GN theory for N = 1. Solid curves: polynomial interpolation between lowest-order 2 +  expansion result and
4−  expansion result. Dashed curves near lower and upper critical dimensions, respectively: plain extrapolation of  expansion
for comparison. For 1/ν (b), the two dashed curves near D = 4 correspond to the inverse of Eq. (32) (upper curve) and the
expansion of 1/ν itself (lower curve), cf. Ref. [50].
and
[ψ¯σzψ] = 1 + (D − 2) +O(1/N, (D − 2)2) . (36)
This leading-order result coincides with the behavior of
the plain Gross-Neveu model near the lower critical di-
mension [48, 50], which can be attributed to the fact that
the charge contribution to the flow of ∆ is subleading in
1/N , c.f. Eq. (16). In order to gain a reasonable estimate
for the exponents in the physical situation in D = 3 and
small N , we can thus search for a smooth interpolation
between the boundary values near the upper and lower
critical dimensions. We use a simple polynomial form as
in Ref. 50, and therewith find, for D = 3,
ηφ ≈ 4N + 9
2(2N + 3)
, 1/ν ≈ 50N
2 + 51N − f(N)
24N(2N + 3)
, (37)
and
[ψ¯σzψ] ≈ 16N + 21
8N + 12
. (38)
The interpolating polynomials together with the naive
extrapolations are depicted for N = 1 as function of
space-time dimension 2 < D < 4 in Fig. 7. In the large-
N limit, Eqs. (37) and (38) agree with the corresponding
values calculated in Sec. III. For small N , the differences
between Eqs. (37) and (38) and the naivve extrapolations
[Eqs. (31)–(33) for  = 1] can be viewed as a rough es-
timate on the accuracy of our results. For N = 1, this
gives ηφ ≈ 1.3(9), 1/ν ≈ 0.3(4), and [ψ¯σzψ] ≈ 1.8(5).
V. CONCLUSIONS
In this paper, we have studied the critical behavior
of the QED3-GN model in three space-time dimensions.
Just as in the corresponding plain Gross-Neveu univer-
sality class without a gauge field, there is a unique stable
fixed point, which can be understood either as an ultra-
violet fixed point of the four-fermion (“Gross-Neveu”)
theory, or as an infrared fixed point of the partially
bosonized (“Gross-Neveu-Yukawa”) theory [93].
We have employed the four-fermion language to clar-
ify the correspondence of the QED3-GN fixed point with
the previously-studied conformal fixed point of plain
QED3 [34–38]. Using this formulation, we have verified
that the fixed-point annihilation mechanism that desta-
bilizes the conformal phase of plain QED3 at a critical
flavor number Nc, does not intrude upon the stability of
the QED3-GN fixed point. In fact, the latter turned out
to continue to exist across the transition at Nc all the
way down to N = 1, at least within the present one-loop
approximation.
The equivalent partially bosonized QED3-GN theory,
with a Yukawa interaction instead of the four-fermion
term, can be dimensionally continued to noninteger
space-time dimension D. We have used the fact that
all three couplings present in the theory become simulta-
neously marginal when D ↗ 4 to set up an  expansion
around four space-time dimensions. This allows to es-
tablish the existence of the QED3-GN fixed point and
to access the critical behavior in a controlled way. We
have computed the critical exponents ηφ and ν, the scal-
ing dimension of the flavor-symmetry-breaking bilinear
ψ¯σzψ, as well as the gauge anomalous dimension ηa to
the leading order in  = 4−D. For the latter, we predict
ηa = 4−D for all N and 2 < D < 4 exactly, which follows
as a consequence of the Ward identity associated with the
U(1) gauge symmetry. For the other exponents, our best
estimates for D = 3 are ηφ ≈ 1.3(9) and 1/ν ≈ 0.3(4) in
the case of N = 1. Here, we have taken the difference
between the plain extrapolation and the polynomial in-
terpolation, which makes use of additional information
of the behavior of the exponents near the lower criti-
cal dimension, as a rough error estimate. The uncer-
tainty becomes smaller for larger N , but for N = 1 it
is significantly larger than the error of the corresponding
leading-order estimates in the plain Gross-Neveu univer-
sality class [50]. It would therefore be desirable to extend
our work to higher loop order, e.g., along the lines car-
ried out recently for the ungauged Gross-Neveu-Yukawa
9TABLE I. Scaling dimensions of operators at the N = 1
QED3-GN fixed point in comparison with literature values for
scaling dimensions of the corresponding dual operators at the
Ne´el-VBS deconfined critical point [31, 46, 47]. The latter is
presumably described by the SU(2) NCCP1 model, for which
we also quote the results of a field-theoretical approach [104].
QED3-GN SU(2) NCCP
1
[φ] ≈ (1 + 1.3(9))/2 [z†σzz] ≈ (1 + 0.26(3))/2 [46]
≈ (1 + 0.35(3))/2 [47]
≈ (1 + 0.25(3))/2 [31]
≈ (1 + 0.22)/2 [104]
[ψ¯σzψ] ≈ 3− 1.2(5) [z†z] ≈ 3− 1.28(5) [46]
≈ 3− 1.47(9) [47]
≈ 3− 1.99(4) [31]
≈ 3− 1.79 [104]
[φ2] ≈ 3− 0.3(4) [z†z] ≈ —see above—
model [49]. As a complementary approach, the QED3-
GN fixed point should be accessible within the four-
fermion formulation in an expansion around the lower
critical space-time dimension of two. The analogous com-
putation in the plain Gross-Neveu model has now been
accomplished, in a technological tour de force, up to the
four-loop order [48]. This necessitates to deal with the
notorious evanescent operators, which render the theory
nonunitary in dimensional regularization and are generi-
cally generated at high order in the  expansion or when
operators of high scaling dimension are analyzed [97].
The comparatively large uncertainty of our results
notwithstanding, we consider our finding of a large order-
parameter anomalous dimension of order unity or larger
to be reliable. In fact, a large value of ηφ appears to be
characteristic to all known chiral universality classes that
are driven by massless fermionic degrees of freedom [55–
59]. Theoretically, this property can be traced back to
the observation that in all critical fermion systems the
order-parameter anomalous dimension has to approach
unity in the limit of large flavor number. Furthermore,
near the lower critical dimension, its boundary value is
ηφ = 2 +O(D − 2).
These findings are striking in the light of the recently
conjectured duality of the N = 1 QED3-GN theory with
the SU(2) NCCP1 model [29], which in turn is believed
to describe the deconfined critical point between the
Ne´el and VBS phases of spin-1/2 systems on the square
lattice [2, 3, 31, 32]. While the existence of a stable
QED3-GN fixed point is a prerequisite for the duality
scenario to hold, our leading-order results for its crit-
ical behavior is not entirely compatible with the crit-
ical (or pseudocritical) behavior measured in the spin
systems. The largest discrepancy occurs in the case of
the order-parameter anomalous dimensions, which in the
spin systems have been determined as ηNe´el ≈ ηVBS ≈
0.25 . . . 0.35 [31, 46, 47]. This is about an order of mag-
nitude larger than in the standard bosonic O(5) univer-
sality class [98], but still significantly smaller than our
estimate of ηφ ≈ 1.3(9) in the QED3-GN theory. Direct
simulations of the NCCP1 model remain inconclusive as
to whether the transition is continuous [12, 99, 100] or
weakly first order [101]. In any case, as far as we are
aware, at present no numerical data in the purely bosonic
models appear to suggest an anomalous dimension of or-
der unity or larger. Field-theoretical approaches to the
critical behavior of the NCCP1 model appear to be dif-
ficult, since the loop corrections are sizable [102, 103].
Nevertheless, a functional RG approach finds values that
are remarkably close to the most recent numerical results
in the spin systems [104].
We have also computed the scaling dimension of the
flavor-symmetry-breaking fermion bilinear ψ¯σzψ, which
is identified with z†z in the bosonic NCCP1 theory.
The latter corresponds to the tuning parameter for
the Ne´el-VBS transition. Therefore, the duality pre-
dicts 1/νNe´el-VBS = 3 − [ψ¯σzψ]. Our calculation gives
3 − [ψ¯σzψ] ≈ 1.2(5), while the numerical simulations of
the Ne´el-VBS transition find 1/νNe´el-VBS ≈ 1.3 . . . 2.0 [31,
46, 47]. These values are not inconsistent with the dual-
ity prediction. The duality also predicts that the scaling
dimension [ψ¯σzψ] should coincide with [φ2]. Our result
for ν gives [φ2] = 3 − 1/ν ≈ 2.7(4) which is only some-
what larger than [ψ¯σzψ] ≈ 1.8(5), but incompatible with
the numerical ranges quoted for 3− 1/νNe´el-VBS.
In conclusion, our estimate for [ψ¯σzψ] seems to be
not inconsistent with the duality proposal, but [φ] and
[φ2] show large discrepancies when comparing them with
the corresponding measurements in the bosonic systems.
This is summarized in Table I. We note, however, that
if the transition in the spin systems is indeed continu-
ous with an emergent SO(5) symmetry [32], then this
unavoidably necessitates anomalous dimensions that are
significantly above the ones currently observed [105]. We
therefore believe that the possibility that higher-order
computations in the QED3-GN model and forthcoming
numerical calculations in the spin systems converge to
common values in future works is as yet not excluded.
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